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THE THEORY OF DYNAMIC PROGRAMMING

Richard Bellman

§1. Introduction

Before turning to a discussion of some representative
problems which will permit us to exhibit various mathematical
features of the theory, let us present a brief survey of the

C\— fundamental concepts, hopes, and aspirations of dynamic programming.

RAN DE}F j'L,I/u )E)—T—O) -7_— \\/ 7 To begin with, the theory was created to treat the mathe—
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matical problems arising from the study of various multi—stage
declision processes, which may roughly be described in the fol-
lowing way: We hsve a physical system whose state at a2ny time ¢t
is determined by a set of quantities which we call state para—
meters, or state variables. At certalin times, which mz2y be pre—
scribed in advance, or which may be determined by the process
itself, we are called upon to make decisions which will affect
the state of the system. These decisions are equivalent to
transformations of the state variables, the cholce of a decision
being ldentical with the choice of a transformation. The out—
come of the preceding decisions 1is to be used to guide the choilce

af future ones. with the nurnose of the whole bprocess that of

https://www.rand.org/content/dam/rand/pubs/papers/2008/P550.pdf
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Dynamic : B2 DE[EIE Y, FREINICEZLT 5 HE.

Programming : [3—7 4 > 7] &\ EERTIE% <,
REAETEHT A HE] &L DB,

In the first place | was interested in planning, in decision making,

in thinking. But planning, is not a good word for various reasons.
| gdeciged therelore to use the word “programming”. | wanted to get

across the idea that this was dynamic, this was multistage, this was
Lime-varying | thought lets kill two birds with one stone.”

-- Richard Bellman, Eyve of the Hurricane. An Autobiography




THE THEORY OF DYNAMIC PROGRAMMING

Richard Bellman

§1. Introduction

Before turning to a discussion of some representative
problems which will permit us to exhibit various mathematical
features of the theory, let us present a brief survey of the
fundamental concepts, hopes, and aspirations of dynamic programming.

To begin with, the theory was created to treat the mathe—

matical problems arising from the study of various multi-stage

declsion processes, which may roughly be described in the fol-

lowing way: We have a physical system whose state at 2ny time ¢t
1s determined by a set of quantities which we call state para—

meters, or state variables. At certaln times, which mz2y be pre—
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Fib(n) = Fib(n—1) + Fib(n — 2)
Fib(1) = Fib(2) =1

1,1,2, 3,5,8, 13, 21, 34, 55, 89, 144, ---
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def fib(n):
it n<=2:return 1
else:

return fib(n-1) + fib(n-2)
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def fib(n):
it n<=2:return 1
else:

return fib(n-1) + fib(n-2)
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def fib(n): n>17 6 1E, EbERl
if n<=2: return 1 E‘QWEULJ L 2[=],
& LE1H,

else:
return fib(n-1) + fib(n-2)
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def fib(n): n>17 6 1E, EbERl
if n<=2: return 1 E‘QWEULJ L 2[=],
& LE1H,

else:
return fib(n-1) + fib(n-2)
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30
31
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33
34
35
36
37
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39
40
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461
136
1,279
2,044
3,230
5,233
3,231
13,227
22,027
35,057




wmlt

HYETIED

DPIZUAT D200 F % m-d L7573 X L DFFR,
NXVWIEAMRE, ZTORRAF->TLYKZTUVEELZRLC
NS WHBEOHERREZEBENBT S

HMERDES BBEREICE S SBZBE TR A > MK S,

(BREMHUUI=L S BRLEEED, NEWLWEELN S LY
KX NEEAEENTWBE DT TH L)



NEDRA > b

EMKRLG EZAIFETH?

def fib(n):
it n<=2:return 1
else:

return fib(n-1) + fib(n-2)
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def fib(n):

f n<=2: return 1 [
else:

return fib(n-1) + fib(n-2)
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Fib(n—Z)]

Fib(n-1)

[ Fib(n)

Fib(n-3)
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Fib(n-2)

Fib(n—4)]
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Fib(n-2)

Fib(n-1)

[ Fib(n)

Fib(n-3)

Fib(n-3)

Fib(n-2)

Fib(n—4)]

Fib(n—B)]

Fib(n—4)]
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def fib(n): Lf:ét%%%@ti

f n<=2:return 1 [ 158 L7z Uy,
else:

return fib(n-1) + fib(n-2)  SHE L5, BIELT
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def fib revl(n):
f=[0*(n+1) # BB DAES
def fib(n):
itn<=72:return 1
elif fin] 1= 0: return fin] # LA NI ZENZE D
else: # WITNIXETET 3
fin] = fib(n-1) + fib(n-2)
return f[n|

return  fib(n)
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X 52, Fib(4)1E, Fib(3) + Fib(2) Tk % 5.
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# ZDATTDEE, Y THDHE (L7
def fib rev2(n):

T n<=2:return 1

else:

f=10]*(n+1)
fl0] = 0; f[1] = 1;f[2] =1
foriin range(3, n+1):

fli] = fli-1] + f[i-2]
return fin|
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def max_sum(a):
s = [0]*(len(a)+1)
foriin range(len(a)):
sli+1] = max(sli], sli]+ali])

return sllen(a)]
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def max_sum(a):
s = [0]*(len(a)+1)
for i in range(len(a));
sli+1] = max(sli], sli]+ali])

return sllen(a)]
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# amount: 1A D &8, coins: BBEE DTESE
#15)) coins = |1, 8, 13]

#dpT—7 VD% E, &) HZATEER0ICLTHL,
dp = |0 for i in range(amount+1)]
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foriin range(1, amount+1):
# (i - coins[[)ADOHF THRIMEADHENEDZERY HT
tmp_min =10**6 # T+ IC KTV Z KT
for | in range(len(coins)):
if (i - coinslj] > -1) and (tmp_min > dpli - coinsljl]):
tmp_min = dpli - coins|j]]
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foriin range(1, amount+1):
tmp_min = 10**6
for j in range(len(coins)):
if (i - coinslj] > -1) and (tmp_min > dpli - coinsljl]):
tmp_min = dpli - coins|j]]
dpli] = tmp_min + 1 #IMINZ CTIHOMEIZT 5
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foriin range(1, amount+1):
tmp_min = 10**6
for j in range(len(coins)):
if (i - coinslj] > -1) and (tmp_min > dpli - coinsljl]):
tmp_min = dpli - coins|j]]
dplil = tmp_min + 1

return dplamount]  # K&O7=WH DIZdpT — 7L DIRIZH 5
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B, fffE] (11, 15], (2, 3], [3, 1], [4, 4], [1, 2], [5, 8

[1,2] ->[5,8] -=>[2,3] -=>[11, 15] -> [4, 4] -> [3, 1]
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Principle of Optimality: An optimal pollcy has the property that

whatever the initial state and initial decisions are, the remain-—

ing decisions must constitute an optimal policy with regard to

the state resulting from the first decislions.

https://www.rand.org/content/dam/rand/pubs/papers/2008/P550.pdf
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