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THE THEORY OF DYNAMIC PROGRAMMING

Richard Bellman

§1. Introduction

Before turning to a discussion of some representative
problems which will permit us to exhibit various mathematical

features of the theory, let us present a brief survey of the

C\— fundamental concepts, hopes, and aspirations of dynamic programming.

RAN DE}F j'L,I/u )E)—T—O) -7_— \\/ 7 To begin with, the theory was created to treat the mathe—

J—brELTEE

matical problems arising from the study of various multi—stage
declision processes, which may roughly be described in the fol-
lowing way: We hsve a physical system whose state at a2ny time ¢t
is determined by a set of quantities which we call state para—
meters, or state variables. At certalin times, which mz2y be pre—
scribed in advance, or which may be determined by the process
itself, we are called upon to make decisions which will affect
the state of the system. These decisions are equivalent to
transformations of the state variables, the cholce of a decision
being ldentical with the choice of a transformation. The out—
come of the preceding decisions 1is to be used to guide the choilce

af future ones. with the nurnose of the whole bprocess that of

https://www.rand.org/content/dam/rand/pubs/papers/2008/P550.pdf 3
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721 dynamic programming & LN D 4817 7

Dynamic : B2 DE[EIE Y, FREINICEZLT 5 HE.

Programming : [3—7 4 > 7] &\ EERTIE% <,
REAETEHT A HE] &L DB,

In the first place | was interested in planning, in decision making,

in thinking. But planning, is not a good word for various reasons.
| gdeciged therelore to use the word “programming”. | wanted to get

across the idea that this was dynamic, this was multistage, this was
Lime-varying | thought lets kill two birds with one stone.”

-- Richard Bellman, Eyve of the Hurricane. An Autobiography




THE THEORY OF DYNAMIC PROGRAMMING

Richard Bellman

§1. Introduction

Before turning to a discussion of some representative
problems which will permit us to exhibit various mathematical
features of the theory, let us present a brief survey of the
fundamental concepts, hopes, and aspirations of dynamic programming.

To begin with, the theory was created to treat the mathe—

matical problems arising from the study of various multi-stage

declsion processes, which may roughly be described in the fol-

lowing way: We have a physical system whose state at 2ny time ¢t
1s determined by a set of quantities which we call state para—

meters, or state variables. At certaln times, which mz2y be pre—
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Fib(n) = Fib(n—1) + Fib(n — 2)
Fib(1) = Fib(2) =1

1,1,2, 3,5,8, 13, 21, 34, 55, 89, 144, ---
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def fib(n):
it n<=2:return 1
else:

return fib(n-1) + fib(n-2)
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fib(n)FTEICH D > 7=

b &7z DERE [msec]
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SITLTCADE, I & Z DM [msec]
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fib(n)FH&EICH D > 7-
=T TCHADE I & Z DM [msec]
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30A 54012 EIF 3721 T, 31 461
b L ZFEERFR1004E | 32 786
33 1,279
34 2,044
35 3,236
36 5,238
37 8,237
38 13,227
39 22,027

40 35,057 "
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def fib(n):
it n<=2:return 1
else:

return fib(n-1) + fib(n-2)
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def fib(n): n>17 6 1E, EbERl
if n<=2: return 1 E‘QWEULJ L 2[=],
& LE1H,

else:
return fib(n-1) + fib(n-2)




ETR = = HERR

def fib(n): n>17 6 1E, EbERl
if n<=2: return 1 E‘QWEULJ L 2[=],
& LE1H,

else:
return fib(n-1) + fib(n-2)

TMEnEBD 7 4 KTy FEICHDDETERFEE T 5 &,
TmM)=Tn—-1)+Tn—-2)+0(1)
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Tm)=Tn—-1)+Tn - 2)
ZND—RxEEIL,
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LT, £OEEDODHEEF T

0(T(n)) =0 ((1 +2\/§> ) ~ 0(1.6")
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Nn+1 T W= U1 .61%.

30
31
32
33
34
35
36
37
33
39
40

234
461
136
1,279
2,044
3,230
5,233
3,231
13,227
22,027
35,057
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def fib(n):
it n<=2:return 1
else:

return fib(n-1) + fib(n-2)
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def fib(n):

f n<=2: return 1 [
else:

return fib(n-1) + fib(n-2)
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fib(n-2)1&fib(n) & fib(n-1)
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Fib(n—Z)]

Fib(n-1)

[ Fib(n)

Fib(n-3)

Fib(n-3)

Fib(n-2)

Fib(n—4)]
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Fib(n-2)

Fib(n-1)

[ Fib(n)

Fib(n-3)

Fib(n-3)

Fib(n-2)

Fib(n—4)]

Fib(n—B)]

Fib(n—4)]
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def fib(n): Lf:ét%%%@ti

f n<=2:return 1 [ 158 L7z Uy,
else:

return fib(n-1) + fib(n-2)  SHE L5, BIELT
H L
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def fib revl(n):
f=[0*(n+1) # BB DAES
def fib(n):
itn<=72:return 1
elif fin] 1= 0: return fin] # LA NI ZENZE D
else: # WITNIXETET 3
fin] = fib(n-1) + fib(n-2)
return f[n|

return  fib(n)
26
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[ Fib(n)

Fib(n-3)

Fib(n-3)

Fib(n-2)

Fib(n—4)]

Fib(n—B)]

Fib(n—4)]

Fib(1) A Sl
BET HIHEL L
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Fib(n— 1) & Fib(n —2)D"hh > TWL L, Fib(n)%
KHDDZENTE S,
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Fib(n— 1) & Fib(n —2)D"hh > TWL L, Fib(n)%
KHDDZENTE S,

Fib(1),FibQ)IZBALN (EBHH1) .
&£ > T, Fib(3) |, Fib(2) + Fib(1)TXKZ* 5.
X 52, Fib(4)1E, Fib(3) + Fib(2) Tk % 5.
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Fib(n— 1) & Fib(n —2)D"hh > TWL L, Fib(n)%
KHDDZENTE S,

Fib(1),FibQ)IZBALN (EBHH1) .
&£ > T, Fib(3) |, Fib(2) + Fib(1)TXKZ* 5.
X 52, Fib(4)1E, Fib(3) + Fib(2) Tk % 5.

INaEAEALSTWITIE, Fib(m)IZ/zEYEL
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# ZDATTDEE, Y THDHE (L7
def fib rev2(n):

T n<=2:return 1

else:

f=10]*(n+1)
fl0] = 0; f[1] = 1;f[2] =1
foriin range(3, n+1):

fli] = fli-1] + f[i-2]
return fin|

32



fib(n) fib_revl(n) fib_rev2(n)
e M M

31
32
33
34
35
36
37
33
39
40

461
136
1,279
2,044
3,230
5,233
8,231

13,227
22,027
35,057

0.016
0.015
0.015
0.015
0.015
0.016
0.016
0.016
0.017
0.018
0.018

0.004
0.004
0.005
0.004
0.004
0.004
0.004
0.004
0.005
0.004
0.004
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Si+1 = max(Sy, S, + [k + 1EHH DEF])
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= AMEEDO 3 — R Garb=7330)

def max_sum(a):
s = [0]*(len(a)+1)
foriin range(len(a)):
sli+1] = max(sli], sli]+ali])

return sllen(a)]

(sIZFFITHDBBIFBRWTT A, T2 TIEHEELRI
B ZBAFEIC T A - ICEXIIE->TWET, )




EAMBEREOHEML T, COETE =

Hip31EDfor/lb—7 1 — 0.

def max_sum(a):
s = [0]*(len(a)+1)
foriin range(len(a)):
sli+1] = max(sli], sli]+ali])

return sllen(a)]
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KITRFEHIFR: 2 sec/ X £V #lFR: 1024 MB

Ao : 100 =

fRlRE

NEORZNHDET, BBICIEL2,...,N EBSHNRENTVET, Fi(1<i<N)IEDWT, BHFiDESIE h; T,

849, BELCATLNVES, ATILEROTHEFAEMEDEL, BENETUNEIS L LTVET,
c BIBiICWBEE, BIBi+1EBit2AYYYTTE, COEE, VvV TAROREEjET2E. TR |hi — hy| BXHS,
AIILHRE N DU EL £TICKIAS IZ F ORFMOBIMEE RHTLLEE W,

hl#Y
o ANIEIRTEEKTH D,
« 2< N <10°
e 1< h; <10%

https://atcoder.jp/contests/dp/tasks/dp a 44
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30 10 60 10 60 50

HABY 3 cony

40 Copy

BE153-5-6BBTHE. IR NOBAIE[30 — 60| + |60 — 60| + [60 — 50| = 40 &= 0h £ 7,

https://atcoder.jp/contests/dp/tasks/dp a 4b
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ZDE BN THREIT L,

1, 8, 13Z718GEML TEIILjIZEHZL TS, ZONA,
F/J\@%)@t 7, kL TH ﬂaﬁ By,

ERAY oX53
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# amount: 1A D &8, coins: BBEE DTESE
#15)) coins = |1, 8, 13]

#dpT—7 VD% E, &) HZATEER0ICLTHL,
dp = |0 for i in range(amount+1)]
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AOADPOZE 277 #4 30— ML

foriin range(1, amount+1):
# (i - coins[[)ADOHF THRIMEADHENEDZERY HT
tmp_min =10**6 # T+ IC KTV Z KT
for | in range(len(coins)):
if (i - coinslj] > -1) and (tmp_min > dpli - coinsljl]):
tmp_min = dpli - coins|j]]

12
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foriin range(1, amount+1):
tmp_min = 10**6
for j in range(len(coins)):
if (i - coinslj] > -1) and (tmp_min > dpli - coinsljl]):
tmp_min = dpli - coins|j]]
dpli] = tmp_min + 1 #IMINZ CTIHOMEIZT 5




AOADPOZE 277 #4 30— ML

foriin range(1, amount+1):
tmp_min = 10**6
for j in range(len(coins)):
if (i - coinslj] > -1) and (tmp_min > dpli - coinsljl]):
tmp_min = dpli - coins|j]]
dplil = tmp_min + 1

return dplamount]  # K&O7=WH DIZdpT — 7L DIRIZH 5
14
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amount = 2b
coins =1 8 13]
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0 1.2 3 45 6 7 89 10111213
c 1 2 3 4 5 o ( 1 2 3 4 5 1

1415 16 17 18 119 20 1212223 24 |25
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Principle of Optimality: An optimal pollcy has the property that
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ing decisions must constitute an optimal policy with regard to
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